The high-energy behavior of amplitudes in gauge theories can be reformulated in terms of the evolution of Wilson-line operators. In the leading order this evolution is governed by the non-linear Balitsky-Kovchegov (BK) equation. In QCD the NLO kernel has both conformal and non-conformal parts. To separate the conformally invariant effects from the running-coupling effects, we calculate the NLO evolution of the color dipoles in the conformal N = 4 SYM theory, then we define the "composite dipole operator", and the resulting Möbius invariant kernel for this operator agrees with the forward NLO BFKL calculation.
1 Small-x B evolution of color dipoles
The high-energy scattering processes in a gauge theory can be described in terms of Wilson lines -infinite gauge factors ordered along the straight lines (see e.g. the review [2] ). The fast particle moves along its straight-line classical trajectory and the only quantum effect is the eikonal phase factor acquired along this propagation path. In QCD, for high energy scattering of quark or gluon off some hadronic target, this eikonal phase factor is a Wilson line which is an infinite gauge link ordered along the straight line collinear to particle's velocity n µ :
Here A µ is the gluon field of the target, x ⊥ is the transverse position of the particle which remains unchanged throughout the collision, and the index η is the rapidity of the particle.
To obtain the high-energy behavior of QCD amplitudes we study the evolution of color dipoles. Let us consider the small-x behavior of structure functions of deep inelastic scattering (DIS). At high energies the virtual photon decomposes into quark and antiquark pair which propagate along the straight lines separated by transverse distance and form a color dipoletwo-Wilson-line operator.Û
The energy dependence of the structure function is then translated into the dependence of the color dipole on the rapidity η. There are two ways to restrict the rapidity of Wilson lines: one can consider Wilson lines with the support line collinear to the velocity of the fast-moving particle or one can take the light-like Wilson line and cut the rapidity integrals "by hand". While the former method appears to be more natural, it is technically simpler to get the conformal results with the latter method of "rigid cutoff" in the longitudinal direction. Thus, the small-x behavior of the structure functions is governed by the rapidity evolution of color dipoles [3, 4] . At relatively high energies and for sufficiently small dipoles we can use the leading logarithmic approximation (LLA) where α s 1, α s ln x B ∼ 1 and get the non-linear BK evolution equation for the color dipoles [5, 6] :
where η = ln 1 xB and z 12 ≡ z 1 − z 2 etc. (As usual, we denote operators by "hat"). The first three terms correspond to the linear BFKL evolution [7] and describe the parton emission while the last term is responsible for the parton annihilation. For sufficiently low x B the parton emission balances the parton annihilation so the partons reach the state of saturation [8] with the characteristic transverse momentum Q s growing with energy 1/x B (for a review, see [9] )
It is easy to see that the BK equation (3) is conformally invariant in the two-dimensional space. This follows from the conformal invariance of the light-like Wilson lines. Indeed, the Wilson line
is invariant under the inversion x µ → x µ /x 2 (with respect to the point with zero (-) component).
⊥ and therefore
It is easy to check that the Wilson line operators lie in the standard representation of the conformal Möbius group SL(2,C) with conformal spin 0.
NLO evolution of color dipoles
The NLO evolution of color dipole in QCD [10] is not expected to be Möbius invariant due to the conformal anomaly leading to dimensional transmutation and running coupling constant. However, the NLO BK equation in QCD [10] has an additional term violating Möbius invariance and not related to the conformal anomaly. To understand the relation between the high-energy behavior of amplitudes and Möbius invariance of Wilson lines, it is instructive to consider the conformally invariant N = 4 super Yang-Mils theory. This theory was intensively studied in recent years due to the fact that at large coupling constants it is dual to the IIB string theory in the AdS 5 background. In the light-cone limit, the contribution of scalar operators to Maldacena-Wilson line [11] vanishes so one has the usual Wilson line constructed from gauge fields and therefore the LLA evolution equation for color dipoles in the N = 4 SYM has the same form as (3) . At the NLO level, the contributions from gluino and scalar loops enter the picture.
As we mentioned above, formally the light-like Wilson lines are Möbius invariant. Unfortunately, the light-like Wilson lines are divergent in the longitudinal direction and moreover, it is exactly the evolution equation with respect to this longitudinal cutoff which governs the high-energy behavior of amplitudes. At present, it is not known how to find the conformally invariant cutoff in the longitudinal direction. When we use the non-invariant cutoff we expect, as usual, the invariance to hold in the leading order but to be violated in higher orders in perturbation theory. In our calculation we restrict the longitudinal momentum of the gluons composing Wilson lines, and with this non-invariant cutoff the NLO evolution equation in QCD has extra non-conformal parts not related to the running of coupling constant. Similarly, there will be non-conformal parts coming from the longitudinal cutoff of Wilson lines in the N = 4 SYM equation. In [1] we demonstrate that it is possible to construct the "composite conformal dipole operator" (order by order in perturbation theory) which mimics the conformal cutoff in the longitudinal direction so the corresponding evolution equation has no extra non-conformal parts. This is similar to the construction of the composite renormalized local operator in the case when the UV cutoff does not respect the symmetries of the bare operator -in this case the symmetry of the UV-regularized operator is preserved order by order in perturbation theory by subtraction of the symmetry-restoring counterterms.
Let us present our result for the NLO evolution of the color dipole in the adjoint representation (hereafter we use notations z ij ≡ z i − z j and (
